The Malkus-Lorenz water wheel is analyzed in a more direct way. Two new dimensionless parameters associated with properties of the water wheel are used in place of the traditional Lorenz parameters, which relate only to Lorenz's fluid model. The primary result is a performance map in the new dimensionless parameter space, which shows where the major behavior types occur and associated bifurcations. A slice across this map is examined by a bifurcation plot that shows details of the transitions between various types of behavior. An example of a 12-cup water wheel model is provided, and its behavior is compared over a wide range of parameters on the performance map to that of the Malkus-Lorenz water wheel. It is shown how the map with its water wheel parameters can be simply converted to the map with Lorenz's fluid dynamics parameters.
I. INTRODUCTION
The interest in simple systems having chaotic behavior has continued to grow since Lorenz presented his three-variable set of differential equations over 40 years ago. 1 The work on chaos based on his equations falls into two largely separate approaches. There are studies on the properties of the solutions to the Lorenz equations and a variety of computer simulations 2, 3 and working models of the Malkus water wheel. The original water wheel models were developed 4 by Malkus, Howard, and Krishnamurti, who recognized that their idealized mathematical model of the Malkus water wheel obeys a special case of the Lorenz equations. 5 This type of water wheel has leaking cups hanging from its rim, with water entering only the top cup. Strogatz 6 carefully identified the two components of wheel slowdown and simplified his analysis by correctly treating only their combination. Other formulations 2, 5, 7 do not include wheel slowdown due to the input water stream. The most detailed analysis 8 includes it, but with an error that cancels the input water drag after the initial transient, although the overall conclusions are affected only for the frictionless wheel case. ͑Reference 3 has the same error.͒ Experimental water wheels are of two types. The simplest one 2, 3, 7 consists of a few ͑typically four to twelve͒ leaky cups hanging from the perimeter of a wheel whose axis may be horizontal or tilted ͑see Fig. 1͒ . A single stream of water flows into a cup only when one of them is close to the top. A more sophisticated approach, 8 which obeys the Lorenz equations more closely, is to orient the axle so that the wheel is close enough to horizontal so that the fixed cups form a continuous ring with no gaps ͑see Fig. 2͒ . By providing a series of input water streams, symmetrically placed about the wheel's high point, we can obtain all the same behaviors as with a single stream, significantly reduce the probability of cup overflow, and get the effect of having many more cups than are actually present. In realistic models of nonideal water wheels, cup overflow and various rules for cup leakage and axle friction have been used. 2, 3 The differential equations are developed in Sec. II for an ideal water wheel with a single input water stream at the wheel's high point and with a very large number of cups with no gaps between them. We show that the ideal water wheel equations are equivalent to Lorenz's equations, 1 with his b parameter equal to unity. Section III introduces two dimensionless parameters * and f * by scaling the distance and time units; these dimensionless parameters are used to determine the performance of a Malkus water wheel. Section IV locates four major bifurcations where the water wheel behavior changes. A behavior map is derived in Sec. V for the ideal Malkus water wheel in * , f * space showing the major bifurcations, several periodic orbits, and a chaotic example, and presents a bifurcation figure, a slice across the behavior map in which details of bifurcations and performance modes can be seen. Section VI shows the relation between the new water wheel dimensionless parameters and the parameters used in the Lorenz equations. Section VII suggests simple measurements that can be done on an experimental system ͑its parameters otherwise unknown͒ for locating a nonideal system on the ideal system's behavior map, and compares the behavior of a nonideal 12-cup computer model to that of the ideal system.
II. MALKUS WATER WHEEL EQUATIONS
Following Malkus 9 and others, 5, 6, 8 the ideal water wheel characteristics are no cup overflow, cup leakages proportional to the water mass in a cup, and axle friction torque proportional to the wheel speed.
One time constant characterizes the leakage of the cups. Each cup's leakage is proportional to the leakage constant times the water mass in the cup. The differential equation and its solution for the kth cup while it has no water input is
The quantity 1 / is the time constant. The 1 / time constant also figures in the initial filling of the cups. The total mass is M = ͚ k M k . If the mass rate of the input stream is Q, the differential equation for M͑t͒ and its solution for M͑0͒ = 0 are
M͑t͒ starts at zero and approaches the value Q / with a time constant of 1 / , independent of the wheel motion. In the following it is assumed that this initial filling operation has already been finished, so that M is a constant, given by M = Q / .
To derive the equations of motion of the water's center of mass, we split the mass into two parts, and combine what is known about each part to obtain the equations of motion of the overall center of mass. Figure 3 shows the plane of the water wheel with the ring of cups on the circle of radius R. The coordinate system has the y axis horizontal and the z axis in the presumably tilted plane of the water wheel, positive toward the highest point of the wheel, with the origin at the wheel's center. The center of mass of all the water in the cups is at
where the cup with index k contains water mass M k and is at y k , z k . As shown in Fig. 3 the input water stream continuously enters the top cup at y = 0 and z = R. Select an arbitrary time t 0 . For time t Ͼ t 0 we consider the total water mass to be made up of two components, as if at t 0 the tops of the cups ͑which continue to leak͒ are suddenly closed and the input stream of water is then fed into a duplicate set of cups on the wheel, initially empty, but also leaking. The water wheel continues to turn, oblivious to the separation of the water into two groups, because the total water at any point around the wheel is the same as if there were no separation into two groups, one containing the water that entered prior to t 0 and the other with the water added following t 0 .
The differential equations for y and z are found by considering the motion of the centers of mass of these two mass sets with masses M a ͑t͒ and M b ͑t͒ respectively. By analogy to Eq. ͑3͒,
where t Ն t 0 , and all the quantities are functions of time except for M a + M b = M, which is a constant. The derivatives of y and z are
For t Ͼ t 0 the M a cups receive no mass from the input stream. Each cup continues to leak at the rate M k and using Eq. ͑3͒ it is easy to show that their leakage does not affect the location of their total center of mass. Therefore the center of mass of M a moves only because of the motion of its cups. Because each cup is fixed on the moving wheel, it follows from a rotation of the coordinates that their center of mass also remains fixed on the wheel and rotates with it. We refer to Fig. 3 , replace ͑y , z͒ by ͑y a , z a ͒, and define 
where r is constant and d / dt = . Thus, the velocity v of the center of mass M a and its two components can be written as v = r and
For the mass M a at t = t 0 we have
For M b , its cups are empty at t = t 0 , but its top bucket at y =0, z = R is beginning to fill, so at t = t 0
The quantities dy b / dt and dz b / dt are multiplied by zero so will not be needed. The substitution of Eqs. ͑8͒ and ͑9͒ into Eq. ͑5͒ gives the derivatives of the water's overall center of mass location at t = t 0 :
The form of Eq. ͑10͒ is independent of the choice of t 0 so Eq. ͑10͒ is valid for all t and thus is the desired set of differential equations. The total moment of inertia of the water about the wheel axis is the sum of I 0 for the wheel and I w for the water:
Because M is constant, I is also constant. The rate of change of the angular momentum equals the torque, which is the sum of N g due to gravity acting on the water's center of mass, N from axle friction, and the torque N w due to bringing the incoming water stream up to the speed of the cup into which it falls:
The leaking water exerts no torque on the wheel so does not enter this analysis, although in the alternate analysis used in Refs. 3 and 8, where I is not constant, the angular momentum that is carried off should have been included.
The torque applied to the wheel by gravity is
where g is the gravitational field and is the tilt angle of the wheel's axis from the vertical, as shown in Fig. 2 . The axle friction torque is proportional to and the friction parameter ␣, and is given by
The slowdown torque due to the incoming water stream equals the radius R times the lateral force that brings the stream of water ͑mass rate= M͒ up to the cup's lateral speed R. In the small time interval ⌬t a small water mass ⌬m is deposited, with initial lateral speed equal to zero, so that using I from Eq. ͑11͒, we have force = ͑⌬m͒ ϫ ͑bucket speed-input water speed͒ ⌬t
The substitution of the torques in Eqs. ͑13͒, ͑14͒, and ͑16͒ into Eq. ͑12͒ gives
ͪ.
͑17͒
The parameters of the water wheel are summarized in Table I . We define
͑19͒
The differential equations for the water wheel are, after the total mass is stabilized at the value M, 
In the absence of gravity ͑ =0 so a =0͒ Eq. ͑20a͒ shows that 1/ f is the time constant for the slowdown of the wheel due to axle friction and input water drag. Similarly, if =0 ͑the wheel is held stationary͒, 1/ is the time constant for the motion of the water's center of mass toward the water input point at y = 0 and z = R. The coefficient a is the wheel's angular acceleration due to gravity, per unit horizontal displacement of the water's center of mass.
If there are multiple input streams, symmetrically located as in Fig. 2 , we denote the radius where the cups and input water streams are located by R w . We also denote the location of the center of mass of input water deposited in a very short time interval by y = 0 and z = R. All the previous relations still apply, except that the water's moment of inertia I w in Eqs. ͑11͒, ͑16͒, ͑17͒, and ͑19͒, which contributes to the total moment of inertia I, becomes
III. DIMENSIONLESS PARAMETERS
The system of equations in ͑20͒ has four parameters. We are free to choose the distance and time units in which Eq. ͑20͒ is expressed. If we change the units by the factors D and T respectively, we obtain the primed variables and parameters shown in Table II . This coordinate transformation method is used to characterize all Malkus water wheels in terms of two dimensionless parameters with direct water wheel meanings.
The parameters D and T can be chosen to satisfy any two conditions of our choice. A useful selection is to set a * and R * to unity, achieved by letting D = R and T =1/ ͱ Ra. We thus replace the four parameter ͑a, f, , and R͒ set by only two parameters, f * and * , where
with R * = 1 and a * = 1. The undamped period of the original system, obtained by solving Eq. ͑20͒ with = f =0, z Ϸ −R, and y small, is
͑23͒
Hence P * =2. In terms of the two dimensionless parameters f * and * , Eq. ͑20͒ becomes
where and the time derivatives are similarly time scaled, and the y and z coordinates are scaled so that the radius of the wheel is unity ͑asterisks on , y , z, and t have been suppressed͒.
IV. MAJOR BIFURCATIONS
This section, based on material in Refs. 5, 6, and 10, describes how the locations of major bifurcations in ͑ * , f * ͒ space can be found.
A. The pitchfork bifurcation
The water wheel's stationary points are found by setting the left-hand side of Eq. ͑24͒ to zero:
These equations have three solutions. One is given by
which is called point C 0 in ͑ , y , z͒ space. ͑The wheel is stationary, and all the water in the cups is exactly at the top.͒ The two other solutions are
The latter two points, with real values only when * f * Ͻ 1, are C 1 ͑negative y and ͒ and C 2 ͑positive y and ͒ in ͑ , y , z͒ space, where the wheel speed remains steady in either direction, while the water's center of mass remains fixed in space. When * f * Ն 1, the wheel eventually comes to a stop for all initial values of ͑ , y , z͒ at the single stable stationary point C 0 . As * f * passes below unity, the C 1 and C 2 stable stationary points move out from the now unstable C 0 , so the system goes from one to three stationary points, hence the pitchfork name. The ͑ , y , z͒ space is therefore now divided into two parts, one in which convergence is to C 1 and the other to C 2 .
On the boundary between these regions convergence is to the nonstable C 0 . This change in the topology of the ͑ , y , z͒ space as * f * passes through unity is called a bifurcation, referred to here as the A bifurcation. 11 In the following, several major bifurcations are identified among the infinite number of bifurcations present of various types. 
B. The onset of preturbulence, the B bifurcation
, several unstable types of behavior become possible, including periodic orbits, paths that end at C 0 , and chaotic paths. Because these are all unstable, the wheel in real experiments will always end up rotating steadily at the C 1 or C 2 stationary points. When the wheel's initial conditions are very close to an unstable chaotic path, the wheel will follow it for a while, reversing direction many times before converging to C 1 or C 2 . This behavior is called preturbulence 10 and is illustrated in Fig. 4 .
The method for finding the value of B * involves trials with initial conditions a tiny bit away from the C 0 stationary point ͑here in the plus and y direction, with z͓0͔ = 1 so that all the water is in the almost stationary top cup͒. With this starting point, trajectories with * Ͼ B * converge to C 2 , such as the solid trajectory in Fig. 5 . A system with * Ͻ B * gives the dotted trajectory in which the wheel settles instead to C 1 . From the z versus y plot it is evident that at B * the wheel returns to the unstable C 0 starting point, which is called a homoclinic path.
13

C. The onset of stable chaos: The C bifurcation
For f * = 0.2, as * becomes less than B * , there are no bifurcations until * = C * Ϸ 0.1123. The C bifurcation 14 is the leading edge of a host of minor bifurcations; two of its properties are identified here. The first is that for * Ͻ C * chaotic paths become stable. The second property provides a method that we will use to locate C * . If we start from the initial conditions used for locating B * , for all values of * between B * and C * the trajectory will be similar 10 to the dotted curve in Fig. 5 . The dotted curve in Fig. 6 is for * slightly larger than C * , so it is similar to the dotted curve in Fig. 5 . The closer * is to C * , the longer the wheel stays near an unstable periodic orbit and loops about C 1 before it converges to C 1 with its constant counterclockwise wheel rotation. When * is slightly less than C * , as shown by the solid curve in Fig. 6 , the path eventually leaves the periodic orbit, the wheel reverses direction at least once, and ends at either C 1 or C 2 . When * exactly equals C * the trajectory must converge to the unstable orbit from which the above C and below C trajectories eventually diverge. Such a trajectory is called a heteroclinic path. 15 Because the chaotic paths are stable below C * , they are surrounded by a basin of attraction. A trajectory started within such a basin will follow a chaotic path forever ͑see Fig. 7͒ . Below C * there also can be basins of attraction where the trajectories approach stable periodic orbits, and paths that converge to C 1 or C 2 .
D. The Hopf bifurcation
As * is reduced below C * , the unstable periodic orbit involved in the C bifurcation contracts onto C 1 , and its mirror onto the C 2 point. When these unstable orbits disappear by combining with the stationary points, the two stationary points become unstable. This behavior is called a Hopf bifurcation 6 and occurs at D * Ϸ 0.0889, where f * = 0.2 in the relation 
͑28͒
When * is less than D * , where the C 1 and C 2 stationary points are unstable, three types of stable behavior are identified: ͑a͒ paths that loop about but eventually converge onto an exactly repeating periodic orbit that can have one or many loops about C 1 and C 2 ; ͑b͒ paths that stay near a repeating orbit but never converge to it ͑"noisy periodicity"͒; or ͑c͒ chaos, where the wheel reverses direction randomly, the path switching between loops about C 1 and C 2 . 
V. THE WATER WHEEL BEHAVIOR MAP
A. Periodic orbit examples
Figure 8 also has five dots along * = 0.02 that locate the parameters for the five periodic orbits shown in Fig. 9 . Figure 9͑a͒ shows the initial path of the water's center of mass for the pendulum case, starting with all the water at almost the top of the wheel. The plots in Figs. 9͑b͒-9͑f͒ show enlarged plots of the final stable orbits. The symmetric pendulum orbit ͑b͒ is found everywhere within the E curve. Bordering the E curve are nonsymmetric pendulum versions, and similar orbits that repeat only after completing more than one cycle, called period-doubled orbits. As always, other initial conditions can lie in other basins of attraction, leading to other behavior.
The curves F, G, and H in Fig. 8 locate portions of the regions, some extremely narrow, where the "pumpkin," "one-two," and "happy face" orbits of Fig. 9 can be found. In the pendulum case in Fig. 9͑b͒ , the orbit loops about C 1 , then C 2 , and repeats. In the pumpkin case Fig. 9͑c͒ , the orbit makes two loops about C 1 , two loops about C 2 , and repeats. For the nonsymmetric one-two case in Fig. 9͑d͒ , the orbit loops once about C 1 and then twice about C 2 . The happy face in Fig. 9͑e͒ has three loops about C 1 and then three about C 2 . The looping is in three dimensions, so that some loops are not well shown in the ͑y , z͒ projection.
Between the I and J contours the trajectory converges to a stable symmetric orbit in which the top bucket fills until the wheel, slightly off balance, falls to the left or the right on alternate cycles, almost stops due to axle friction, only to fill the new top bucket, as in the "fill and fall" case shown in Fig. 9͑f͒ .
B. Bifurcation diagrams
The spiderlike Fig. 10 shows a cross section of the Fig. 9͑b͒ occurs between the two E markers. At the E bifurcation where f * Ϸ 0.11, the trajectory switches from a symmetric pendulum to an asymmetric pendulum motion, then proceeds ͑difficult to see in Fig. 10͒ through period-doubling and noisy periodicity into chaos. At most values of f * in the chaotic region, 0.13Ͻ f * Ͻ 0.3, the dots for the y extrema ͑see Fig. 7͒ overlap to draw a continuous line, with spaces between outliers that would be filled in if the run length were increased. There are an infinite number of gaps in the chaotic region where stable orbits occur, such as the pumpkin at F, but most are extremely narrow so cannot be seen. The symmetric orbit in Fig. 9͑f͒ is seen in Fig. 10 within the I-to-J and J-to-I regions. Between the two J labels for 0.64Ͻ f * Ͻ 0.86 lie a pair of asymmetric orbits, 17 each consisting of one side of the fill and fall case. Due to switching between the two orbits as f * is varied, the two lines for each orbit are Fig. 8 . Water wheel map for the water wheel parameters ͑ * , f * ͒. Above the A curve the wheel always comes to a stop. Between the A and C bifurcation curves the only stable behavior is steady unidirectional motion. Between the C and D curves, steady turning, periodic motion, or chaos results depending on the initial conditions. Below the D curve there are only periodic orbits or chaos. Periodic orbit examples are symmetric pendulum motion within the E contour, a "fill and fall" motion between I and J, and others in an infinite number of narrow strips such as the partial curves F, G, and H, which lie in the chaotic region. The horizontal dashed line shows where the bifurcation plot of Fig. 10 is located, with only ␣ changing. The curved dashed line is an example with only the input water rate Q changing. 
VI. RELATION TO THE LORENZ EQUATIONS AND PARAMETERS
In this section we relate the parameters * and f * , which are convenient for describing the water wheel, to the Lorenz parameters , r, and b. A standard form of Lorenz's equations 5 is
These equations represent the convection of a restricted region of fluid with heat applied at the bottom, y = z =0 ͑corre-sponding to water added to the top of a water wheel͒, and fluid rotation at the rate x about the point y =0, z = r. If we make the substitutions z → r − z and x → , we find an alternative form where the fluid is cooled at the top. This form is similar to Eq. ͑20͒:
We use the coordinate rescaling in Table II and relate Eq. ͑20͒ to Eq. ͑30͒ as follows. Start from the general water wheel equation, Eq. ͑20͒, and apply the change of variables in Table II 
which ͑dropping the asterisks on , y, z, and t͒ transforms Eq. ͑20͒ to
After substituting the expressions for f and from Eq. ͑22͒ into Eq. ͑31͒, a comparison with Eq. ͑30͒ shows that the f * and * parameters are related to the Lorenz parameters by
The upper and right borders of Fig. 11 indicate how the above relations lead to a simple conversion of the water wheel maps from ͑f * , * ͒ coordinates to the conventional Lorenz coordinates.
VII. SUGGESTIONS FOR EXPERIMENTS
A. Finding values of the parameters for a nonideal system
An actual water wheel will deviate from the ideal system characteristics specified in Sec. II, because, for example, the water will be in discrete cups that overflow, and the leakage rate will not be proportional to the water mass in a cup. A way is needed to determine the approximate values of * and f * for the water wheel. The method chosen here ignores the complexity of multicup systems for simplicity. Its advantage is that it requires no prior data about the system, so it is particularly convenient for real systems.
Starting from the given initial conditions, let the water wheel run until its initial transient behavior has finished. Then, as the wheel continues to run, collect the leakage and cup overflow water ͑not including the water that misses the cups͒ in a time interval, and calculate the average total leakage-plus-overflow water mass rate Q eff . The latter equals the effective input water rate, which is different from the input spigot's rate because some of the water misses the cups. Next, quickly shut off the water and measure the mass M of all the water in the cups. Do this measurement several times to obtain averages for Q eff and M. From Eq. ͑1a͒ the average leakage time constant 1 / equals M / Q eff . Note that for the ideal system 1 / is constant, independent of the wheel's action, while for a nonideal system it depends on the changing water distribution among the cups. Hence we are estimating an average value ͑sometimes a very rough estimate͒.
Next, with no water input, attach a mass M ͑as measured in the previous paragraph͒ to a bottom cup, displace the wheel by a small angle, and measure the period P of the pendulum-type motion ͓see Eq. ͑23͔͒. The axle friction should be made small enough to see periodic motion.
Two more measurements are needed to find the wheel slowdown time constant 1 / f. As in Eq. ͑19͒, it depends on ␣ / I, , and I w / I. The ratio I / ␣ is the wheel slowdown time constant when the cups all have equal masses totaling M. To measure it attach two masses M / 2 to opposite cups with no water input, so that gravity and the input stream drag have no effect, and start the wheel at a typical speed. The quantity I / ␣ is the total angle traveled divided by the initial angular rate.
The ratio I w / I is found using I / ␣ and the empty time constant 0 . The latter can be found by the same procedure, but with the two M / 2 masses removed, or placed exactly at the wheel's center to keep the load on the axle the same. The time constant 0 is less than I / ␣ because removing the masses reduces the moment of inertia. Because the moments of inertia are proportional to the corresponding time constants, and I w = I − I 0 , we have
͑34͒
The substitution of the values obtained for I w / I, ␣ / I, and into Eq. ͑19͒ gives the value of f. Finally, using Eqs. ͑22͒ and ͑23͒, the values of * and f * are found from
B. Computer model of a nonideal water wheel
To illustrate the use of the water wheel map in Fig. 8 , a 12-cup computer model was set up using MATHEMATICA. The same procedures as in Sec. VII A can be used to determine average values for Q eff , M, and then P, I / ␣, and I w / I and used to locate a nonideal system on the water wheel map, shown with less detail in Fig. 11 . The variables and parameters are given in Table III. If we use the cup model in Ref. 3, the water rate actually received by the kth cup is the following function of k , which approximates a contoured input stream as wide as a cup:
where k = + k2 / 12, and the exponent 1000 gives a cup width of Ϸ4.2°. Overflow is modeled by an exponential function, with overflow equal to leakage at M k = M 0 . If we include the moment of inertia I 0 of the wheel itself, the equations of the system are
with d / dt = . Because water leakage and overflow exert no torque on the wheel, they do not enter Eq. ͑37b͒. Figure 11 is the water wheel map showing the location of a number of system points ͑ * and f * ͒ for examples of the 12-cup computer model as the water input rate Q and the axis friction coefficient ␣ are varied. The notations Un, Pe, Ch, ChSt, and Aff indicate the system's motion type, as Unidirectional, Pendulum, Chaos, Chaos-then-Stationary, and Asymmetric fill-and-fall, respectively. All initial conditions are close to C 0 . The system at the circled Pe has Q = 0.1 and ␣ = 0.01, equivalent to that for the circle in Fig. 8 . Extending from left to right from the circled Pe, the values for ␣ vary from zero to 1.2. Another sequence of points from lower left to upper right, also including the circled Pe, have Q varying from 0.5 to 0.02.
C. Performance examples
The behaviors generally agree with those of the ideal Malkus water wheel, which are bounded by the A, C, D, and E curves in Fig. 11 , except for large ␣ and f * , where axle friction often causes the wheel to stop completely between cups, as in the ChSt example. For the Aff example the behavior is similar to that of the ideal system in 0.65Ͻ f * Ͻ 0.85 in Fig. 10 , but the f * value of 4.3 is well outside that range.
VIII. SUMMARY
We have shown that the ideal water wheel devised by Malkus can be characterized by two dimensionless parameters * and f * , which are identified with the inverses of the time constants for cup leakage and wheel slowdown. These two water wheel parameters are shown to be simply related to Lorenz's fluid dynamics parameters. The water wheel behavior map in ͑ * , f * ͒ space shows where the major behavior types are separated by bifurcation curves, and the methods to locate the curves are illustrated. The map shows where chaotic behavior and several examples of periodic orbits are found. A transverse slice across this map is shown in a bifurcation plot. The positioning of this bifurcation slice, which differs from those in Refs. 5 and 8 has the advantage of probing a wide variety of behaviors.
A computer model of a nonideal 12-cup water wheel was used to illustrate the usefulness and limitations of the ideal water wheel map in predicting and understanding the performance of actual water wheels that exhibit chaos.
